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POSITIVE DEFINITE GERMS OF QUANTUM STOCHASTIC 

PROCESSES 

VIACHESLAV BELAVKIN 


Abstract. A new notion of stochastic germs for quantum processes is intro¬ 
duced and a characterisation of the stochastic differentials for positive definite 
(PD) processes is found in terms of their germs for arbitrary Ito algebra. A rep¬ 
resentation theorem, giving the pseudo-Hilbert dilation for the germ-matrix of 
the differential, is proved. This suggests the general form of quantum stochas¬ 
tic evolution equations with respect to the Poisson (jumps), Wiener (diffusion) 
or general quantum noise. 


Germes positivement definis de processus quantiques stochastiques 

Resume. On trouve une characterisation des differentielles stochastiques des 
processus quantiques positifs definis (PD) pour une algebre de Ito arbitraire. 

On demontre un theoreme de representation qui donne la dilatation pseudo- 
Hilbertienne de la matrice des germes de la differentielle. Ceci suggere une 
forme generale des equations d’evolution quantiques stochastiques par rap¬ 
port aux sauts de Poisson, a la diffusion de Wiener ou aux bruits quantiques 
generalises. 

Version frangaise abregee. 

1. Introduction. Le but du present article est de generalise!' le theoreme de Evans- 
Lewis ^ sur la construction differentielle de la dilatation de Stinespring [ 2 ] au 
cas des differentielles stochastiques parametrisees par une *-algebre quelconque. 
Comme j’ai demontre dans P], tout processus stochastique stationaire A (a) a 
increments independents pent etre represente dans un espace de Fock T sur I’espace 
JC^L'^ (®+) des fonctions au carre integrable sur ]R_|_ a valeurs dans 1C sous la forme 
A (a) = ou 

aJ^A); (t) = a\K {i) + a+A+ {t) + {t) + a;At (t), 

est la decomposition canonique de A dans I’echange des processus A* de creation 
A+j d’annihilation A!_ et temps At = tl par rapport a I’etat vide dans T. Ainsi 
I’algebre de parametrisation a pent etre identifiee a I’algebre des quadruplets GNS 
a = associes a la * -functionelle lineaire positive I (a) = (A (t, a))/t. 

Les principaux resultats de cet article sont des theoremes de characterisation et 
de representation des germes stochastiques quantiques A = i+a des ^-representations 
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unitaires i qui definissent les differentielles de Ito dcj) = a^dA'^ a i = 0 pour les 
processus completement positifs (|)^ avec (pQ = i. 


2. Notations. Pour tout espace pre-Hilbertien T>, le symbole V designe I’espace 
dual de toutes les fonctionelles antilineaires r]' : rj ivW) avec le plongement 
naturel V C 2?', donne par le produit interieur (r]'\r]) = {ri\r]')* pour rj' G V. Toute 
forme sesquilineaire {r]\Qr]) sur T> s’identifie a I’operateur lineaire Q : T> ^ V'. 
L’espace lineaire Q {V) de tous ces operateurs est muni d’une involution Q i—> Ql, 
ou '■ V ^ V est I’operateur Hermitien adjoint: (rylQ^ry) = {'n\Q'n)*■ Tout 
operateur lineaire A : T) ^ T) avec son adjoint : rj A^r] G T> pour tout ry G 2? 
peut etre continue a V comme A! = A^^*, ou A* : V ^ V est I’operateur dual 
defini par {r]\A*r]') = {Ar]\r]'). La *-algebre de tous ces operateurs dans 2? est notee 
A{V). 

Soient D la 2?-envelope des vecteurs coherents (exponentiels) de I’espace de Fock 
IF, et (2)t)t>o filtration naturelle des sous-espaces Dt engendre par I’espace pre- 
Hilbertien V = Do et les vecteurs coherents /® sur les fonctions au carre integrable 
/• : [0,t) —> /C, ou Af est I’espace pre-Hilbertien associe a I’algebre de Ito a. Soit 
B un semigroupe a involution x x*, {x*y)* = y*x. Le processus PD quantique 
stochastique adapte sur un ^-semigroup B a unite est decrit par une famille de 
parametres p = {(pt)t>o d’applications positives definies (j)^ : B ^ Q (S), 


( 0 . 1 ) ^ {y*x) ■- ^{\)'‘\(pt {x*iXk) [)'') > 0 

x,y^B k,l 

pour toute suite G 2) et G H, fc = 1,2,satisfaisant la propriete de causalite 
(j)^ (x) [rj (g) /®) = rj' ® f® Mx & B,rj & Dt, /* G /C g) cx)), 

ou Tj' G La famille stochastistiquement differentiable (p par rapport a un pro¬ 
cessus quantique stationaire A a increments independents engendre par I’algebre de 
Ito a est donne par I’integrale quantique stochastique 13,111, 


(0.2) (pt (x) - (po {x) = [ a{r,x)dA:=^ f <(r,a;)dH);, 
Jo ..Jo 


X G B 


ou a {t, x) pour tout a; G H est un processus quantique stochastique adapte a 
valeurs a {t) = (f)|a {t,x) f)) dans les quadruplets (af)) (t) qui representent I’algebre 
a. Les integrateurs quantiques stochastiques A (t) = (t) sont formelle- 

ment definis par la b-propriete |1] (ctA)^ = a^A et la table de multiplication de 
Hudson-Parthasarathy ^ 

(0.3) (adA) (bdA) = (ab) dA, 

ou par rapport a la symetrie —(—) = -|-, —(+) = — des indices (-,-!-) 

seulement, et (ha)0 = 


3. Resultats. 


Theorem 1. Supposons que le PD processus (p^ possede la dijferentielle quantique 
stochastique o; (t) dA a t > 0. Alors la matrice des germes X=(pt + ot(t) pour 
(p^ (x) = {(pf. (x) S'p)'pp~P'l est conditionnellement positive definite 

(xtxk) = 0 {xpXk) Tj^) > 0 , 

k,l k,l 
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ou G Dt©£)*, S* = par rapport a Vapplication degeneree l = , 

(x) = (j)^ (x) S'^dt, toutes les deux ecrites sous la forme matricielle suivante 


(0.4) 


A = 


A 

A* 


A. 

a: 


i = 


avec A = a_|_ ft ), A* = ft ), A, = a, ft ), A* = + al ft), et l = • 


Theorem 2. Les conditions suivantes sont equivalentes: 

(i) L’application de germes X = i + ck a t = 0 est conditionellemnt positive 
definie par rapport a la representation matricielle l in f/A41) . oil b = i. 

(ii) II existe un espace pre-Hilbertien X>°, une representation a unite j de B 
dans A fD°), 

(0.6) 3 {y*x) = j {y)* j {x), j (1) = I, 

une {j,i)-derivation de B, 

(0.7) k {y*x) = j (yf k{x)+k (y*) i (x ), 

a valeurs dans les operateurs V ^ 'D°, et une application I : B ^ Q (V) 
telle gue 

(0.8) I (y*x) = i fy)* lfx) + l (y*) ifx) + k (y)"^ k (x ), 

avec I’application adjointe I (x)^ = I (x*) + Di{x*) — i(x)* D telle gue 
I (x) + Di (x) = A (x) = I* (x) + i (x)' D, 

L*k (x) + L^i (x) = A* (x) , A, (x) = k* (x) L° + i (x)' L~, 

et A* (x) = Llj (x) L° pour certains operateurs L* : ^ V* avec les 

adjoints L° = L* and : V ^ V* ou L~ = 


1. Introduction. 

The purpose of this paper is to extend the Evans-Lewis theorem Q] for the 
differential construction of the Stinespring dilation [2] to the stochastic differentials, 
generated by an ltd *-algebra 

dA (a)^ dA (a) = dA (a*a), ^ A^dA (ai) = dA XiOiJ , dA (a)^ = dA (a*), 

of independent increments dA (t, a) = A (t + dt, a) —A ft, a), with given mean values 
(dA (t, a)) = I (a) dt, a G a. Here Z : a ^ C is a positive linear functional on the 
parametrizing *-algebra a, defining the GNS representation a a = (af;)f~f'l of 
a in terms of the quadruples 

(1.1) a* = j (a), a’^_ = k (a), a~ = k* (a), af_ = l(a), 

where j (a*a) = j (a)* j (a) is the operator representation j (a)* k (a) = k (a*a) on 
the pre-Hilbert space /C of the Kolmogorov decomposition I (a*a) = k(a)* k (a), 
and k* (a) = k (a*)* . 

As was proved in [2], the stochastic process A (a) with independent increments 
can be represented in the Fock space ^ over the space of JC -valued square-integrable 
functions on R+ as A (a) = afAf, where 

(1.2) afAf, (t) = alAl (t) + a*(A+ (t) + a^A*. (t) + a^At (t), 
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is the canonical decomposition of A into the exchange A*, creation A+, annihilation 
A!_ and time Al!l = tl processes with respect to the vacuum state in Thus 
the parametrizing algebra a can be identihed with the b-algebra of quadruples a 
with respect to the product (ba)^ = b'^al and the involution = a'^^, where 
-(-) = +,-• = •, -(+) = 

The main results of this paper are characterization and representation theorems 
for the quantum stochastic germs A = i+a of unital ^-representations i defining the 
Ito differentials dcj) = a(^dAJ^ at t = 0 for completely positive processes (j)^ with = 
i. The Evans-Lewis case A (t, a) = atl is described by the simplest one-dimensional 
algebra a with I (a) = a and the nilpotent multiplication a*a = 0 corresponding 
to the non-stochastic (Newton) calculus (dt)^ = 0. The unital *-algebra a = C 
with the commutative multiplication a*a = |a| has the GNS representation = 
a, corresponding to A{t,a) = aP{t), where P is the standard Poisson process 
P = The standard Wiener process Q = A!_ -f A+ is described by the 

second order nilpotent algebra a of quadruples a'^ = a, a~ = b = a\, a* = 0, 
corresponding to A (t, a) = atl -I- 5Q (t). Thus our results are applicable also to the 
classical stochastic differentials of completely positive processes, corresponding to 
the commutative Ito algebras, which are decomposable into the Wiener, Poisson 
and Newton orthogonal components. 

2. Notation. 

Throughout the pre-Hilbert space V is complex, V denotes the dual space of 
all antilinear functionals 77 ' : 77 i—> ( 77 I 77 ') with the natural embedding T) C 2?', 
( 77 1 77 ') = II 77 11^ if 77 ' = 77 g V, Q{T>) denotes the space of all linear operator Q : 
T> ^ V identified with the sesquilinear forms {r]\Qr]) on V and A{T>) denotes 
the unital 7 k-algebra of all operators Q G Q (V) with QV C V, Q'^'D C V, where 
= {'n\Qv)*■ Any operator A & A (T>) can be extended onto V as A' = Al*, 
where A* :V' ^ V is the dual operator, dehned by ( 771 ^* 77 ') = (A 77 I 77 '). 

Let S denote the P-span of the coherent (exponential) vectors /® : t 1 —> 
GtGr/* {t), /* S A of the Fock space over A = 1C ® Lp' (M+), where 1C is the 
pre-Hilbert space, associated with the Ito algebra a, and (2Dt)(>o be the natural fil¬ 
tration of the subspaces Dt generated by 77 0 /®, 77 g P and /®, /* g /C (g) L^[ 0 , t), 
embedded into ^ as /® (r) = 0 for any finite r C if t n [t, 00 ) ^ 0. Let B 
be a unital semigroup with involution x ^ x*, {x*y)* = y*x. Say B = b is the 
★-semigroup 1 -|- a of the Ito algebra a with (1 -|- a)* (1 + 6 ) = 1 + a * 6 , where 
a-k b = b + a*b + a*, or B = B is an operator algebra B C A{V). The quan¬ 
tum stochastic adapted PD process over B is described by a one parameter family 
(j) = {4’t)t>o positive definite maps (j)^ : B ^ Q (S)), 

( 2 . 1 ) (\)y\(l}t {y*x) ■- {x*Xk) 1)’") > 0 

x,y£B k,l 

for any sequence g D and Xk g P, fc = 1 , 2, ..., satisfying the causality property 

(|)^ {x) (77 (g> /®) = T]' ® f® Vx € B,r] € Dt, f* € K.® B[t, 00 ), 

where 77 ' g £>(. The positive definiteness mi obviously implies the ^-property 
(pl = (p^, where py (x) = (p^ {x*)^■ The stochastically differentiable family (p with 
respect to a quantum stationary process A with independent increments generated 
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by the Ito algebra a is given by the quantum stochastic integral 

(2.2) - 4)^[x) = j a (r, a;) dA := V / <(r,a;)dA)), x&B 

•^0 -^0 

where a (t, x) for each x G B is a quantum stochastic adapted process with the 
values a{t) = ([)|q; (t, x) 1)) into the quadruples {a^){t), representing the algebra 
a. The quantum stochastic integrators A (t) = (t) are formally defined 

by the b-property P] (aA)^ = a^A and the Hudson-Parthasarathy multiplication 
table 0 

(2.3) (adA) (6dA) = (ab) dA. 

The quantum stochastic derivatives af) for the PD processes (j)l = should obvi¬ 
ously satisfy the b-property oP’ = cx where {t,x) = a'p (t,x*)^. 

In order to make the formulation of the dilation theorem as concise as possible, 
we need the notion of the b-representation of B in the operator algebra A{£) of a 
pseudo-Hilbert space £ = £)' ®'D° (QV with respect to the indefinite metric 

(2.4) (^1 C) = 2Re (r| e) + lirf + 

for the triples = —,o,+, where GV, GV° , gV , 1)° is a pre-Hilbert 
space, and ||r 7 ||^ = {r]\Dr]). The operators L G A{£) given by 3 x 3-block-matrices 
L = have the Pseudo-Hermitian adjoints = (T^|C)i which are 

defined by the Hermitian adjoints = L'p* as = G 1 L^G respectively to the 
indefinite metric tensor G = [Gfiiy] and its inverse G“^ = [G^^], given by 


■ 0 

0 

I 


■ -D 

0 

/ ■ 

0 1 ° 

0 

, G-^ = 

0 

r 

-‘■o 

0 

I 

0 

D 


I 

0 

0 


with Hermitian D, where 1° is the identity operator in I?°, being equal 11 = 1®/ 
in the case V° =V*, where V* = JC^V. 

3. The Results 

1. The following theorem in particular proves that the quantum stochastic germ 
A = (^) = * {^) of a unital ^-representation = i oi 

B on defined by the quantum stochastic derivatives a. = for a PD 

adapted process ^ at t = 0, must be conditionally PD with respect to the embedded 
representation t (x) = {i (x) ^ on I?©P*. Here ibj) is the Kronecker delta 

with = 1, where 1 is the identity operator on /C, and X5\ = A ® 1. 

Theorem 3. Suppose that the PD process (|)^ has the quantum stochastic differential 
a (t) dA at at > 0. Then the germ-map X=<Pt + (t) for cpf (x) = (x) 

is conditionally positive definite 

(a;*xfc) jy'^) = 0 ^ (xtxk) r?'') > 0 

k,l k,l 
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where rj^ G Dt©S*,S)* = with respect to the degenerate map l = 

(x) = (j)^ {x) both written in the matrix form as 


(3.1) 

with X = of (t ), 
such that X (x*) = 



' A 

A. 

\ / 

A-( 

^ A* 

a: 

j’ ^=( 

A* = 



• 

II 

P 

• 1 

A(x)f, 


A-( 

X*) = A. (x)f, 


L 

0 


0 

0 


= 4’t^\ + 0^1 (0 j0,nd 

A* (a;*) = a; (xY 


4>t 


Proof. Let us represent the pre-Hilbert space D as the Dt-span 


rGlC^L%oo) 


of coherent vectors /® (r) = /* {t), given for each hnite subset r = {ti,...,tn} C 

[t, oo) by tensor products /* (ti) © ... © /* (tn), with = 0 for almost all /*. Then 
the positivity of the quantum stochastic adapted maps (/'gjS > t into the 

£)-forms {h\ (j)^ (x) h) , for h G Ti can be obviously written as 


(3.2) EE(C?ks(5',2/*a:,/*)C^) >0, 

^,v f,g 


the positive definiteness of the Dj-forms 

{r,\ <(., ( 5 *, x, /•) C) = (r; © 5® I <)>« (^) C ® /®> e" 

with d ^ 0 for a finite sequence of Xk G B, and for a finite sequence of /* £ 
1C © oo). If the S-form (j)^ {x) has the stochastic differential 112 . 211 . the J)(-form 
(j)g {g* , X, /*) has the derivative 

(3.3) ^^(t)^{g•,x,f•) = g* {t)* f {t)<p^{x) + g'{t)* al{t,x) f (t) 

+g* {t)* a\ {t, x) + a~ {t, x) f' (t) + af {t, x) 
at s = t. The positive definiteness, lES), ensures the conditional positivity 

(3-4) E (y*^) c^) = 0 ^ E E (c^l r) c{) > 0 

f,g f,g 


of the form A* {g',x,f’) = {(j)^ {g*,x,f’) — (j)^ (x)) for each s > t and of the 

limit (lOl at s \ t, given by the quadratic 1C- form 


(3.5) A ( 5 *, X, /*) = 5,A* (x) a* -I- 6, A* (x) -1- A, (x) a* -I- A (x), 

where o* = /* {t) , h*, = g* it), and the A’s are defined in (13.111 . Hence the form 


E E I 9I) ■= E (^y I ^ 

a:,?/ /i,i/ x,y 


+ E ((^yl (2^*^)^’) + (^'1 iy*^)Va:) + {vl\ K iy*x)gl)) 

x,y 

With77 = x;/C^, v' ^J2fC^®nt) is positive a J2x.yiyv\^t (y^’x) = 0. The 

components p G T)t and p' G D* are independent because for any jy G St © D* 
there exists such a function a* 1 -^ C° on /C with a finite support, that = 

p, ® y*’ namely, C° = 0 for all a* G K. except a* = a*, the n-th 

/C-coefficient of the span p* = X)n’In ® for which = p^, and a* = 0 , for 
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which = Tj — rj^. This proves the complete positivity of the matrix form A, 
with respect to the matrix representation t defined in on the column-vectors 

n- I 

2. The conditional positivity of the germ-matrix A at t = 0 with respect to the 
representation i : B ^ embedded into the matrix form as in l.S.I |l . obviously 

implies the positivity of the dissipation form 

(3.6) {T]y \ A {x,y) T]^) {y, x) , 

x,y x,y fj,,v 

with T] = ho G V, y* = h* G T>*, y~ = y = y^, corresponding to non-zero 
£ V®V'. Here A = is the stochastic dissipator, given by the blocks 

(3.7) Al{y,x) = al{y*x) +i{y*x) (^1, 

A-{y,x) = aZ {y*x)-i{y)* aZ {x) = A\{x,y)* 

AZ{y,x) = aZ{y*x)-i{yY aZ[x)-aZ{y*)i{x)+i{y)* Di{x), 

where D = X (1). This means that the map A* is positive definite, and the conditions 
of the next theorem are fulhlled if the maps A, A*, A, have the following form 

(3.8) A* (x) = (/?* (cc) — Kli (x), A, (cc) = <p, (x) — i (x) K, 

A (x) = (p (x) — K^i (x) — i (x) K, A* (a:) = (/?* (x) 

where ip = (‘/70)OZ_|_’* is a positive definite map from B into the sesquilinear forms 
on the pre-Hilbert space X> © X>*. 

Theorem 4. The following are equivalent: 

(i) The dissipation form roi . defined by the \>-map a with a_^_ (1) = D, is 
positive definite: J2x,y {’Hy] ^ (Vt^) 'Hx) Z 0. 

(ii) There exists a pre-Hilbert space T>°, a unital representation j of B in 
A{V°), 

(3.9) j {y*x) = j (y)* j {x) , j (1) = /, 
a {iA)-derivation of B, 

(3.10) k {y*x) = j (y)* fc (x) + fc (y*) i (x) , 

having values in the operators T) , the adjoint map k* (x) = k (x*)^, 

k* {y*x) = i (y)* k* (x) + k* (y*) j (x) 

into the operators TX° —> TX', and a map I : B ^ Q (TX), having the cobound¬ 
ary property 

(3.11) I {y*x) = i (y)* Z (x) + / (y*) i (x) + k* (y*) k (x), 

such that I (x) + Di (x) = A (x) = I* (x) + i (x)' D, where I* (x) = I (x*)^, 

(x) + L'^_i (x) = A* (x), A, (x) = k* (x) L° + Z (x)' , 

and A* (x) = (x) L° for some operators : TX ^ TX*, L* : V° —> 2?*, 

with the adjoints L~ = , L° = L'i. 

(hi) There exists a pseudo-Hilbert space, E, a unital b-representation j : B^ A(£), 
and a linear operator L : TX (B TX* —> £, where TX* — K, ®TX such that 

A(x) = L''j{x)L, 


(3.12) 


Vx £ B. 
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(iv) The germ-mapping \ — i ct is conditionally positive definite with respect 
to the matrix representation l in mu, where l = i. 

Proof. The proof of the implication (i)^(ii), generalizing the Evans-Lewis Theo¬ 
rem, is similar to the proof of the dilation theorem in [^.The proof of the implication 

(ii) ^(iii) can be also obtained as in by the explicit construction of £ as 

where V'^ = T>, T>~ = V', with the indefinite metric tensor G = given above 

for = —, o, -I-, and D = A (1), of the unital b-representation j = of 

B on £ : 

j(y*a;) =j(y)S(a;), J (1) = I 

with J (a;)^ = G”^j (a;)^ G, given by the components 

(3.13) jX =i, fo= j, jZ =i' f+ = k, jZ = k*, jf = I, 

where i' [x) = i (x)' and all other jlf = 0. The linear operator L is given by 
L = Li)] with the components 

L+ = 1, L° = 0, L- =0, L+ = 0, L° = L’t, L^ = L'X, 

and L'' = ^ ^ ^ = L^G such that L^j (a;) L = A (a:). The implication 

(iii) =^>(iv) is a straight forward consequence of this construction, and the implication 

(iv) =>(i) is similar to the non-stochastic case |S] . | 
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